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Abstract
We present a doubly-holographic prescription for computing entanglement entropies of flat
space black holes. It involves calculating Ryu-Takayanagi surfaces in AdS black funnel
spacetimes attached to braneworld black holes in the critical Randall-Sundrum II model.
Critical braneworlds have the virtue of having massless gravitons. Our prescription should
be applicable when the braneworld black hole is in equilibrium with strongly interacting,
deconfined, large-N matter. In higher dimensions, explicit funnel metrics will have to be
constructed numerically – but based on the general structure of the geometry, we present a
natural guess for where one might find the semi-classical island. In a 3-dimensional example
where a toy analytic black funnel is known, we can check our guess by direct calculation.
This resolves an eternal black hole version of the information paradox in this system.
∗chethan.krishnan@gmail.com
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1 Introduction
Understanding the Page curve is believed to be a key step in resolving the black hole
information paradox [1, 2, 3, 4]. Recent developments [5, 6] suggest that entanglement wedge
[7] phase transitions and associated islands may be the dynamical mechanism behind the
Page curve, when an AdS black hole is allowed to evaporate via a coupling to an external
sink. In [8, 9] a further proposal for encoding islands in terms of classical Ryu-Takayanagi
surfaces [10, 11] in a higher dimensional geometry was made. To distinguish this from the
original proposal in [5, 6], in this paper we will refer to [8, 9] as the semi-classical island
prescription1.
A key point about the semi-classical island prescription is that it is “doubly-holographic”.
It uses an auxiliary higher dimensional AdS geometry to capture the entanglement structure
of a gravity theory coupled to matter. In other words, this is an example of a braneworld
idea. Specifically, it is a braneworld set up where the brane is sub-critical [12]. Such a brane
reaches the boundary of the bulk, and gravity on it is AdS gravity. A cartoon for this set
up is given in Fig. 1.
Figure 1: The sub-critical Karch-Randall braneworld.
We will call this the Karch-Randall braneworld scenario, to be distinguished from the more
familiar Randall-Sundrum braneworlds of [13]. The latter are critical in the sense that gravity
on them has vanishing cosmological constant.
A second related point about the semi-classical island prescription of [8, 9] is that it
demands that the matter theory (in the matter+gravity system on the brane) be holographic.
So it is natural to take the matter to be strongly coupled with large central charge. Equally
significantly, for the Hawking radiation on the brane to be visible semi-classically in the bulk2,
the allowed radiation must contain color non-singlets [15]. We will take this to mean that the
entanglement wedge/QES arguments of [5, 6] are the natural way to think of islands when
1We are following the title of [8] in this terminology. We hope this is not too confusing, because ultimately
the prescription of [5, 6] is also based on semi-classical ingredients [7].
2These nuances are not too significant in the 1+1 dimensional setting, which is the context of [8, 14].
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the brane matter is a weakly coupled non-holographic theory, while the doubly holographic
formulation of [8, 9] is the natural language when the brane matter is a deconfined large-
N theory. This suggests that the simplest higher dimensional context where the semi-
classical island prescription will have a clean formulation is in an eternal black hole above the
deconfinement temperature3. When the black hole is held in equilibrium with a thermal bath
above the deconfinement temperature, there do exist versions of the information paradox
[18, 14] where the doubly holographic approach can be straightforwardly formulated [14, 9].
This will be the primary context of this paper.
The above discussions are in AdS. But in [19], evidence was given that analogues of
entanglement wedges must exist not just in AdS, but also in flat space (and not just in
1+1 dimensions, but in arbitrary dimensions). The arguments relied on identifying two
key bulk objects [20] – Asymptotic Causal Diamonds (ACD) and holographic screens. The
spatial boundary of flat space does not lend itself to a direct adaptation of the notion of a
subregion (unlike the AdS boundary), but it turned out that despite this, ACD-inspired ideas
lead to natural definitions of QES and bulk entanglement wedges. This set up clarifies the
parallel between flat space information paradox, and the previously considered AdS-plus-sink
problems of [5, 6]. See also [8, 14, 21, 22, 23, 24] for various related perspectives.
The arguments of [19] gave evidence for entanglement phase transitions in flat space, par-
allel to the AdS arguments of [5]. However, the analogues of the doubly holographic picture
of [8, 9] were not discussed. We wish to take a step towards filling this gap here. Identifying
a doubly holographic context where braneworld islands emerge, will be complementary evi-
dence for the island idea in flat space. In this paper, we will present a picture based on the
critical Randall-Sundrum II model [13] instead of the sub-critical Karch-Randall: the brane
never reaches the conformal boundary. We will argue that black funnels [27] anchored to
braneworld black holes lead to a natural geometrization, and that holographic entanglement
entropy computed in black funnel geometries give evidence for the existence of islands. The
black funnels we are interested in are naturally associated to deconfined Hartle-Hawking
states of the dual large-N gauge theory [27], so this also ties in with our previously stated
expectation about the context where double-holography applies.
The main goal of the paper is to make it plausible that there exists doubly holographic
contexts where versions of the flat space information paradox can be phrased and resolved.
This gives a complementary perspective on the results of [19], in situations where the black
hole is interacting with strongly coupled deconfined matter. While our arguments and obser-
vations are expected to be general, due to the scarcity of analytically tractable black funnel
3It may be possible to model an evaporating black hole also in this context by considering non-equilibrium
situations above the deconfinement temperature. A natural setting for this could be the black droplets of
[16, 17], but we will not say anything about them in this paper.
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metrics, our detailed checks will be limited to a toy AdS3 black funnel. In higher dimensions,
we expect similar conclusions because they are largely structural – but there, calculations
(including the construction of the metric, eg. [28]) will have to be numerical.
As a corollary of our discussions, we will be able to make some comments about a recent
question [25] about graviton masses in these set ups. Even though it never came up in the
1-brane JT-gravity discussions in [8], gravitons in the Karch-Randall braneworld are well-
known to be massive in higher dimensions [12, 26]. It was recently observed [25], that in the
limit that the mass of these gravitons go to zero, the islands also stop contributing to the
physics. If one reads this result to mean that massive gravitons are essential to the success of
the island prescription, one might worry whether islands are of any significance at all for the
“real world” information paradox. Our set up sheds some light on this. Massive gravitons
arise in Karch-Randall because of the leaky boundary conditions imposed for gravitons in
AdS coupled to the sink CFT and the associated non-conservation of the stress tensor [26].
The limit where the graviton mass goes to zero in the Karch-Randall setting, is also the limit
where brane gravity turns off and the brane cosmological constant goes to zero - there is only
a single parameter (the angle of the brane) controlling Newton’s constant, the braneworld
cosmological constant and the graviton mass. The underlying reason for this is that in this
limit, the entire brane goes to the boundary and gravity on it becomes non-dynamical. On
the other hand, in the critical RSII setting the graviton is massless and the brane cosmological
constant is zero to start with, but as long as we are at finite cut-off in AdS, the GN is finite.
We are no longer trying to get flat space information paradox as a limit of the AdS+sink
information paradox, by tuning a single parameter that controls multiple relevant quantities.
Such a possibility was indeed envisaged in [25]. Note also that as long as we are working
with leaky AdS gravity, it is not unreasonable (and indeed is expected [26]) that the graviton
is massive. The key difference between the discussions of [8, 9, 14, 25] and what we present
here is that we are not aiming to reproduce an AdS braneworld, but a flat space one. We
view massive gravitons as a feature of AdS braneworlds when coupled to external CFTs via
transparent boundary conditions [12, 26].
2 Strongly Coupled Hartle-Hawking States on RSII Braneworlds
As we mentioned earlier, the simplest context where we can hope to argue for the existence
of semi-classical islands is when the braneworld gravity is coupled to holographic (ie., strongly
coupled, large central charge) matter that is deconfined. In other words we need a braneworld
black hole that is in thermal equilibrium with the deconfined plasma. There exists versions
of the information paradox that can be phrased [18] and resolved [14, 9] for eternal black
holes, and we hope to do this here. The trouble of course is that no-one has so far managed
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to construct a strongly coupled braneworld black hole of this type.
But all is not lost, because there do exist some closely related constructions in the liter-
ature. We will string these together to present a picture, where semi-classical islands play a
natural role. To proceed, we will use the following chain of observations –
• AdS geometries where black holes on the asymptotic boundary are interacting with
deconfined plasma are known, eg., [27, 28]. Note that boundary black holes are fixed
backgrounds with non-dynamical gravity, and so ultimately we are interested in finite
cut-off braneworld versions of these solutions which need to be explicitly constructed.
But they provide useful intuition. In the bulk, these solutions extend to two broad
categories of black solutions - black funnels and black droplets.
• The black funnel solutions are believed to be duals of the strongly coupled Hartle-
Hawking state, ie., they are dual to the deconfined phase of the boundary field theory
in equilibrium with the boundary black hole.
• Analytic funnel solutions are known in AdS3 and AdS4 [27]. The latter are adaptations
of the so-called AdS C-metrics [29]. Apart from the fact that these are fairly low-
dimensional, the latter also suffer from the problem that the boundary black hole lives
in an asymptotically hyperbolic slicing and not in asymptotically flat space. We will
use the analytic funnel in AdS3 to do some explicit calculations. The fact that they
yield pro-island evidence will be taken as evidence for the existence of islands more
generally. The motivation for this comes from the next bullet point.
• Even though analytic solutions are not known, there do exist numerical black funnel so-
lutions in AdS5 [28] that are dual to asymptotically flat boundary Schwarzschild black
holes. We will take this as conclusive evidence that black funnels are the holographic
description of strongly coupled Hartle-Hawking states on the boundary of AdS. Nu-
merical black funnels in AdS4 that asymptote to three dimensional asymptotically flat
black holes have also been constructed [28], even though the analytic C-metric results
of [27] were limited to asymptotically hyperbolic black holes. This is comforting for
the narrative we are presenting here in favor of flat space islands. Note further that
in 2+1 dimensions there are no black holes in vacuum Einstein gravity. So these are
black holes that are supported by (holographic) matter.
• So far of course, we have said nothing about braneworlds and strongly coupled black
holes on them.
• In a very interesting paper [30] (see also [31]), Figueras and Wiseman have shown that
braneworld black holes can be constructed from the associated AdS-CFT problem.
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More precisely, they argued that given an asymptotic boundary metric and the demand
that the behavior of the solution matches with AdS at the Poincare horizon, one
can construct corresponding braneworld geometries that are solutions of the induced
braneworld gravity.
• Using this method, Schwarzschild black holes that are asymptotically flat (on the
brane) have been constructed on RSII braneworlds [30], starting from numerical AdS
geometries [32] that asymptote to Schwarzschild black holes at the boundary.
• These solutions are not quite what we want, because on the boundary they asymptote
to the vacuum, and are more analogous to Unruh/Boulware states than Hartle-Hawking
states. In the bulk this is tied to the fact that they asymptote to Poincare horizons and
not planar black holes. To get corresponding black funnels, we need to have a horizon
that asymptotes to the planar black hole horizon in the interior, in the boundary
asymptotic directions.
• But nonetheless, from these observations, it seems quite plausible to us that there
should also exist a braneworld black hole that in the bulk asymptotes to a planar black
hole. We will call this a braneworld black funnel, even though more accurately it is a
black funnel attached to the brane world black hole. We will assume that demanding
the planar black hole behavior in the interior and using the numerical black funnels of
[28] that are anchored to the conformal boundary, and following the philosophy and
techniques of [30] such a solution can be constructed. Assuming it exists, this task will
at least be of as much difficulty as the construction of the numerical braneworld black
hole in [30].
To summarize – we have not been able to find explicit braneworld black funnels in the
literature, which can be viewed as the strongly coupled Hartle-Hawking states that we are
after. But the arguments above indicate that braneworld black funnels are closely related to
the AdS/CFT black funnels, which have been constructed numerically in some interesting
cases even in high enough dimensions [28]. So in what follows, we will present a doubly-
holographic prescription motivated by [8, 14] assuming that such braneworld black funnel
constructions are possible. We will be able to do some concrete checks of our prescription
using the toy analytic black funnel constructed in AdS3 by [27].
3 Critical Islands from the Geometry of Black Funnels
In this section, we will discuss the structure of the funnel geometry and identify the
candidate location where we expect the island contribution to arise. The explicit metric will
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not be necessary to make our arguments, general properties will suffice. This is good for
two reasons. Firstly, as we mentioned, in higher dimensions the physically most interesting
black funnels are only known numerically. Secondly, since it is the structure of the geometry
that affects the existence of the extremal surface (and not directly the presence or absence
of propagating gravitons), it is reasonable to think that the calculation in the AdS3 funnel
that we will do in the next section captures the relevant physics even in higher dimensions.
This is loosely analogous to how [9] generalized [14].
The geometry in [9] is such that there exists an extremal surface anchored at the bound-
ary, that reaches the sub-critical brane in Fig. 1. We will call this the second extremal
surface in our discussions below. When the bulk has a planar AdS black hole horizon, there
is also an extremal surface that passes through the planar horizon which we call the first
extremal surface. Illustrations of both these extremal surfaces can be found, say, in figure
1 of [25]. The competition between these two extremal surfaces is what leads to a phase
transition in the entropy curve of the eternal black hole at late times. In more detail, the
extremal surface that passes through the planar horizon starts out at t = 0, as the smaller
of the two. So the entanglement entropy is determined by the first extremal surface at early
times. But as time progresses, we expect this area to increase linearly with time – this is
because nice slices inside horizons get stretched with time because the black hole interior
is a time-dependent background [33]. Since the area of the second extremal surface stays
fixed, this means that at late times, the second extremal surface is what determines the RT
surface. This is the origin of islands.
Our goal is to identify parallel structures for the critical brane, and our claim is that
black funnel geometries will help us do that. To begin with, let us note that the black funnel
is an AdS geometry where the horizon has a neck region that reaches the boundary, see eg.
fig 1 of [27], or our Fig. 4. In AdS3 the neck has collapsed (see Fig. 5), but the structure is
still essentially the same. Clearly, the first kind of extremal surfaces that are anchored to the
asymptotic regions of the boundary and fall through the planar horizon, should still exist.
The question is, what replaces the second class of extremal surfaces. It cannot be the case
that these extremal surfaces cut the neck of the funnel. Because if they do, by the argument
we made above [33], their areas will keep increasing quasi-linearly with time. This would
mean that no matter which extremal surface we picked, the late-time entropy is relentlessly
increasing – there is no saturation of the entropy as one expects in physical systems, and we
are left with a version of the information paradox. Cutting the horizon neck has the further
and more obvious problem that it does not lead to an island on the braneworld4.
4But perhaps in some related context, such a scenario could give rise to the intriguing possibility of
submerged islands. Note that a surface that cuts the horizon presumably has to end on a different asymptotic
region (or another braneworld in such an asymptotic region).
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The natural other possibility is that the island contribution comes from a region on the
brane near (and outside) the location where the funnel horizon cuts the braneworld. This
would be consistent with the fact that on eternal black holes, the island can be outside the
horizon, see [14]. The relevant RT surface area clearly remains constant as time evolves.
We will discuss the geometry of this configuration in the following, which will also help our
discussion in the next section.
• A key observation is connected to the discussion in section 2.2 (and the boundary
conditions for integration in section 2.3) of [28]. In particular see Figure 2 in that
paper. From the structure of the black funnel, one would expect the region exterior
to the geometry to be characterized by three natural boundaries. This leads to a
triangular region (Fig. 2), that arises from the funnel horizon, asymptotic planar
black hole and the boundary.
Figure 2: A schematic picture of the black funnel. The green dot is where the funnel horizon
hits the boundary, z is a holographic coordinate and the horizontal direction is the boundary
radial direction.
But it turns out that for a black funnel in dimensions higher than three, one can argue
that the region of the horizon where it joins the boundary must look like that of a zero
energy hyperbolic black hole. This naturally turns the triangular region of interest in
the geometry into a rectangular one:
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Figure 3: A coordinatization of higher dimensional funnels that exhibits their parallels with
the 3-dimensional funnels of the next section.
This rectangular configuration makes a heuristic parallel between higher dimensional
funnels and the AdS3 funnel of Fig. 5 – instead of the zero energy hyperbolic black
hole, in AdS3 we have a collapsed horizon. In the coordinates of [28] the rectangle is
demarcated by the coordinate boundaries x = 1 (planar black hole), y = 0 (the funnel
horizon), y = 1 (boundary of AdS), and x = 0 (the hyperbolic black hole).
• As long as we are away from the funnel horizon (y = 1 in the notation of section 2.3
of [28]) we are outside the horizon of the hyperbolic black hole. The “neck” region
(green line, in figure 3) of the latter metric is different from the funnel horizon defined
by y = 1. Again this has parallels in AdS3 where the collapsed neck is structurally
different from the planar black hole horizon.
• The hyperbolic black hole is an infinite proper distance away from the x = 1 end of
the rectangle. This is because of the stretching due to the hyperbolic metric [28], and
is most easily seen by noting that the zero-energy hyperbolic (d+ 1)-black hole metric
is approximately
ds2H ≈
L2
y
[
− (1− y) dt2 + dy
4y(1− y) +
dx2
4x2
+
1
4x
dΩ2d−3
]
(3.1)
near x = 0. When the other coordinates are held fixed, we see that the proper distance
to x = 0 diverges. This means that no extremal surface that reaches the hyperbolic
black hole can be the second extremal surface. It will never be smaller in area than
the first (ie., the one that cuts the planar black hole). Note also that because it is a
divergent quantity, this latter statement is true, no matter how long we wait.
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• Fortunately, this is not quite the final story because so far we have only been dealing
with the AdS/CFT geometry, we have not taken the brane in the RSII braneworld
into consideration. The braneworld black hole is supposed to live on a brane that is
at the coordinate z = , where z is the radial coordinate in the Fefferman-Graham
expansion. What we call z was called z˜ in the notations of [28]. Fefferman-Graham
coordinates are the relevant ones for placing the brane in the language of [31, 30] in a
Randall-Sundrum II set up.
• Interestingly, the coordinates x, y and z are related via
yx(1 + x)2 = z2 (3.2)
when either x or y is small, see section 3.1 of [28]. This means that the location of the
brane in the x-y coordinate rectangle is schematically as shown in the dashed line of
Fig. 3. In particular, note that a natural location for the island now presents itself, as
marked by the red dot in the figure. Extremal surfaces that reach this z =  location
can have finite, non-divergent areas. In a more conventional picture, these surfaces will
look schematically like shown in Fig. 4, which meets the expectations from [14]. The
key point is that the x-y coordinates which are useful for exhibiting the structure of
the black funnel have the property that the entire x = 0 hyperbolic black hole collapses
on to the boundary in the Fefferman-Graham frame.
Figure 4: Black funnel with candidate islands and RT surface.
In AdS3 we will treat the collapsed neck as the analog the hyperbolic black hole, and
therefore in order to model the higher dimensional examples, we will look at branes
that cut the bulk (green) horizon near the x = 0 region in Fig. 5, similar to what
happens in the higher dimensional Fig. 3.
A key question we will be unable to address in this paper is that of explicit construction
of such extremal surfaces in higher dimensions. Since the metric of [28] is only known nu-
merically, this problem is best suited for others. Our motivation for believing their existence
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is twofold. Firstly, the structure of these solutions, in light of our discussions in this section,
is strikingly parallel to the sub-critical case considered in [9]. Indeed, one of our motivations
to consider black funnels was that they naturally geometrize the intuition of [9] in a critical
braneworld context. Secondly, in the next section, in a three dimensional funnel, we will
be able to do very closely related calculations explicitly and identify the second extremal
surfaces. We will present a discussion on AdS4 funnels in hyperbolic backgrounds in [34].
To directly check these claims in higher dimensions, we will need to take three steps.
Firstly, we need explicit black funnel metrics in higher dimensional AdS. The state of the
art in this is the work of Santos and Way [28] and the results are numerical. Secondly,
we will need to construct explicit numerical RSII braneworld black holes at finite cut-off,
induced from these AdS black funnels. This will loosely follow the structure of [30], but note
that the “boundary” condition in the deep bulk that should be used for constructing this
solution is not that of [30], but that of a planar black hole. This existence step is necessary,
if we want to be fully confident that the claims that are being made by the extremal surface
calculations in the next step, are indeed saying something about the information problem.
Thirdly, we should construct extremal surfaces anchored on the brane in analogy with [9],
again numerically. As every step requires numerics, it is clear that this is a problem tailor-
made for numerical relativists.
Once one convinces oneself that the second extremal surfaces exists in black funnel back-
grounds, that resolves an eternal black hole version of the information paradox, following
the logic of [14, 9]. It would of course be interesting to see if one can make such an argument
in the context of an evaporating black hole as well. A doubly-holographic calculation of this
type may be doable in a dynamical black droplet geometry [27, 16].
4 Islands and Funnels in AdS3
In this section, we will specialize the discussion to the case of an AdS3 black funnel
presented in [27]. This is a simple context where an analytic funnel metric is known. The
result of our calculation will demonstrate the existence of the kind of extremal surface in
this geometry that has a chance of leading to islands in higher dimensions.
One difference between the higher dimensional settings of the last section and the present
one, is that the collapsed neck of the AdS3 funnel (which has some similarities to the zero
energy hyperbolic black hole in higher dimensions) extends a finite distance from the bound-
ary. A related point is that if one wants to take our calculation as a statement about a
1+1 dimensional information paradox, one should embed a brane in the 2+1 dimensional
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AdS funnel geometry. This brane can be nearby and parallel to the z = 0 boundary5 in
the boundary asymptotic directions (x → ∞), but will have to cut the z = √2 end of the
green horizon in the figure in order for it to be truly analogous to the higher dimensional
discussions (see the brane in Fig. 3).
Figure 5: Spatial slice of the AdS3 black funnel.
A second comment is that a 1+1 dimensional brane needs to have a gravity action on the
brane (as in the JT gravity examples in [8]), but in higher dimensions one can simply work
with the induced gravity on the brane. Our goal here will be to simply demonstrate the
existence of the relevant bulk extremal surface, so these things are details for us.
Let us make one more comment before proceeding. We will not discuss the AdS4 black
funnels of [27] here because the known analytic solutions lead to boundary black holes
with hyperbolic (and not flat) asymptotics. However, since this seems to be the only other
setting where analytic black funnels with a non-compact asymptotic region are known, these
solutions are perhaps of some interest anyway [34].
With these caveats emphasized, we turn to the AdS3 black funnel [27]. The metric is
ds2 =
1
z2
(−f(x, z)dt2 + g(x, z)dx2 + dz2) (4.1)
with
f(x, z) = tanh2 x
(
1− z2 cosh
2 x+ 1
4 cosh2 x
)2
, g(x, z) =
(
1 + z2
cosh2 x− 3
4 cosh2 x
)2
(4.2)
where x is a radial coordinate and z is the holographic direction with boundary at z = 0.
A picture of a constant time slice of the spacetime can be found in Fig. 5. The horizon
is obtained by setting the metric function f = 0, and it has one branch coming from x =
0 corresponding to the tanh piece (this corresponds to the collapsed neck), and another
5We will momentarily discuss the metric and coordinates of the geometry in more detail.
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that can solved explicitly for z in terms of x which yields the green horizon in the figure.
Asymptotically as x → ∞ the latter tends to the planar black hole horizon at z ∼ 2. It
deviates from the planar black hole near x ∼ 0 and we get the bump in the figure which is
peaked at z =
√
2.
Based on our higher dimensional prejudices discussed in the last section, we expect that
there should be an RT surface close to this bump that reaches out to the asymptotic region
of the boundary z = 0 as x → ∞. If we put a brane in the geometry analogous to the one
in Fig. 3 (like we discussed above Fig. 5), we are to look for an extremal surface anchored
on the brane between a fixed large x = x0 and an x = xh ∼ 0, and pick the minimal one by
varying over xh. An analogue of this was done in [9]. Since we wish to avoid the complication
of explicitly introducing the brane, we will instead follow a path following the spirit of [25]
(see also [35]). We will look for extremal surfaces anchored to x = 06 and x = x0, with
dz/dx|x=0 = 0. Our goal below will be to demonstrate that such extremal surfaces do exist
and that they have properties that one might expect from islands.
The relevant integral that we have to extremize then is
I =
∫ x=x0
x=0
dx
z
√
g(x, z) +
(
dz
dx
)2
(4.3)
with the boundary conditions that dz/dx|x=0 = 0 and z(x = x0) = 0. Note that I has
dependence on both the independent variable x as well as z and dz/dx. The variational
equation of motion arising from this integral is an ODE, but it is too complicated to be
instructive (as far as we could see). So we will not exhibit it. Solving it for fixed values of
x0 numerically is possible by using a shooting method, but what we will do is to integrate
the Euler-Lagrange equation from x = 0 with dz/dx|x=0 = 0 for various values of z(x = 0).
From the plots of such curves, it will become clear that any value of x0 can be arrived at if
one chooses a suitable z(x = 0), establishing the existence of the extremal surface. The task
is easy enough for simple numerical integrators of ODEs (we used Mathematica) to do, and
the results are presented in Fig. 6.
6We emphasize again that when a brane is introduced, this will have to be slightly modified.
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Figure 6: Plots of extremal surfaces with x = 0 and dz/dx|x=0 = 0. The vertical axis is
z and the horizontal axis is x. The “island” extremal surfaces are the ones that straddle
the horizon, note that the bump in the horizon as shown in Fig. 5 happens in this plot at
(x = 0, z =
√
2).
The evidence for island like physics is clear from the plots. As the anchoring point at x = 0
gets closer to the horizon, the second anchoring point gets pushed out to larger and larger
x0. The extremal surfaces straddle the green horizon for longer and longer before diverging
from it and hitting the boundary/brane. Let us also note that if there were a brane like
the one in Fig. 3 in this geometry, the island would get closer and closer to the braneworld
horizon, as the anchoring point x0 at the boundary/brane gets larger and larger. This is
again consistent with the observations of [14] and is also intuitive. The crowding of the
islands near x = 0 as a function of x0 is also worth noting.
The above discussion takes care of the “second” extremal surfaces that we defined earlier,
namely those whose areas are time-independent. Now we turn to the “first” kind of extremal
surfaces, those that cut the planar black hole horizon. Here it turns out that it is beneficial
to write the integral that captures the area in a notation where z is the independent variable:
I ′ =
∫ z=z∗
z=0
dz
z
√
1 + g(x, z)
(
dx
dz
)2
(4.4)
Here z∗ is the location on the horizon where dx/dz = 07, and x(z = 0) = x0. The usefulness
of this form is that the Euler-Lagrange equation has the property that when x′ = 0, it
reduces to x′′ = 0. In other words, if we are imagining starting the integration from the
7At least for large enough x0, we can expect this to be true.
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horizon where dx/dz = 0, we can see that the extremal surface is simply x = x0. This is the
first kind of extremal surface.
It is also easy enough to convince oneself from the metric, that for large enough x0, the
second kind of extremal surfaces have bigger area/length than the first kind at t = 0 – the
former scale extensively with x0, the latter do not. But as time elapses, as we noted earlier,
the first extremal surface area increases linearly with time, and there is a phase transition
at late times. This is what avoids the information paradox.
We expect the structure of the extremal surfaces in higher dimensions to be superficially
slightly different, as indicated in Fig. 4. In particular we cannot put the boundary conditions
on the (analogue of) x = 0 as we did here, because the hyperbolic black hole is repulsive to
RT surfaces, and more directly because in the Fefferman-Graham gauge it has collapsed to
the boundary. But we expect anchoring them as shown in Fig. 4, which is what one would
expect from an island prescription, to be possible. Note that it is precisely this structure
that one expects from the form of the branes in Figs. 2 and 3. Note that the latter structure
is parallel to the one we found in 3 dimensions. Our observations suggest that any brane
that is asymptotically parallel to the boundary and also cuts the bulk horizon, should allow
islands very similar to the ones we have discussed.
Because the branes are at finite cut-off, all our extremal surface calculations (when inter-
preted as brane calculations) give manifestly finite answers for the area8. But because they
are critical braneworlds, the gravitons (in higher dimensions) in them are massless. This
means in particular that the problem raised in [25] should not arise – the second class of
extremal surfaces as we defined earlier and gave examples for in this section, will always
become relevant at late times. Thus we expect the resolution of the type of information
paradox envisaged in [14, 9] to be viable here. The higher dimensional islands will have
areas that are determined by the cut-off - note that the contribution coming from the x0
anchoring surface will cancel out in the comparison between the first and second kind of
extremal surfaces. But the cut-off dependent contribution from the island itself, will not.
This is analogous to the fact that the area of the second kind of extremal surface in [9] is
expected to have dependence on a suitable inverse power of the angle of the brane, in the
underlying Karch-Randall set up.
5 Conclusion
Let us first summarize the context of this paper. When JT-gravity is coupled to a sink
CFT in 2D, the emergence of the Page curve can be understood via semi-classical islands
8We wrote the integrals as ranging from z = 0, but no serious conceptual problems arise when we change
this to z = .
14
in a 3D “doubly-holographic” geometry. To this end, one views JT-gravity as living on a
Karch-Randall braneworld. The higher dimensional analogues of this set up lead to black
holes in AdS braneworlds, but with massive gravitons. It has been observed that in the
massless limit of these massive gravitons, islands also vanish, raising questions about the
validity of the prescription for real world gravity.
In this paper, we noted that by working with a critical Randall-Sundrum II set up
instead of Karch-Randall, we can get braneworlds with vanishing cosmological constants
and massless gravitons. Stringing together various known facts in the literature (some from
numerical relativity), we argued that a version of the doubly-holographic Ryu-Takayanagi
calculation should make sense in the critical RSII braneworld, in terms of a black funnel
attached to the braneworld black hole. The geometry of this configuration makes it plausible
that islands exist. We checked this by direct calculation in a (not fully realistic) 3-dimensional
example, where the analytic funnel metric is explicitly known. This resolves an eternal black
hole version of the information paradox, in a suitable braneworld in this system.
Note that critical braneworlds raise the possibility of solving two problems at once.
Firstly, they provide a doubly holographic geometry for flat space black holes. Secondly,
they give us massless gravitons. The arguments we present here are complementary to those
in [19], and further strengthen the case that islands maybe of more general significance than
1+1 dimensions or AdS, in resolving the Page curve information paradox.
One interpretation of the recent developments on the information paradox is that the
entropy problem in Hawking’s calculation can be solved already at the semi-classical level.
On the other hand, a full understanding of the microstate of the system, will require more
work. Doubly holographic (indeed any semi-classical) calculation assumes that there is
some UV completion to which these calculations can be viewed as approximations to. The
outstanding question, as always, is to understand this UV completion better.
6 Acknowledgments
I thank Budhaditya Bhattacharjee for discussions, and also for making the pdf versions
of Figures 1 through 5.
References
[1] S. Hawking, “Breakdown of Predictability in Gravitational Collapse,” Phys. Rev. D 14,
2460-2473 (1976) doi:10.1103/PhysRevD.14.2460
15
[2] D. N. Page, “Information in black hole radiation,” Phys. Rev. Lett. 71, 3743-3746 (1993)
doi:10.1103/PhysRevLett.71.3743 [arXiv:hep-th/9306083 [hep-th]].
[3] S. D. Mathur, “The Information paradox: A Pedagogical introduction,” Class. Quant.
Grav. 26, 224001 (2009) doi:10.1088/0264-9381/26/22/224001 [arXiv:0909.1038 [hep-
th]].
[4] A. Almheiri, D. Marolf, J. Polchinski and J. Sully, “Black Holes: Complementarity
or Firewalls?,” JHEP 02, 062 (2013) doi:10.1007/JHEP02(2013)062 [arXiv:1207.3123
[hep-th]].
[5] G. Penington, “Entanglement Wedge Reconstruction and the Information Paradox,”
[arXiv:1905.08255 [hep-th]].
[6] A. Almheiri, N. Engelhardt, D. Marolf and H. Maxfield, “The entropy of bulk quantum
fields and the entanglement wedge of an evaporating black hole,” JHEP 12, 063 (2019)
doi:10.1007/JHEP12(2019)063 [arXiv:1905.08762 [hep-th]].
[7] N. Engelhardt and A. C. Wall, “Quantum Extremal Surfaces: Holographic
Entanglement Entropy beyond the Classical Regime,” JHEP 01, 073 (2015)
doi:10.1007/JHEP01(2015)073 [arXiv:1408.3203 [hep-th]].
[8] A. Almheiri, R. Mahajan, J. Maldacena and Y. Zhao, “The Page curve of Hawking radia-
tion from semiclassical geometry,” JHEP 03, 149 (2020) doi:10.1007/JHEP03(2020)149
[arXiv:1908.10996 [hep-th]].
[9] A. Almheiri, R. Mahajan and J. E. Santos, “Entanglement islands in higher dimensions,”
[arXiv:1911.09666 [hep-th]].
[10] S. Ryu and T. Takayanagi, “Holographic derivation of entanglement entropy from
AdS/CFT,” Phys. Rev. Lett. 96, 181602 (2006) doi:10.1103/PhysRevLett.96.181602
[arXiv:hep-th/0603001 [hep-th]].
[11] V. E. Hubeny, M. Rangamani and T. Takayanagi, “A Covariant holographic entan-
glement entropy proposal,” JHEP 07, 062 (2007) doi:10.1088/1126-6708/2007/07/062
[arXiv:0705.0016 [hep-th]].
[12] A. Karch and L. Randall, “Locally localized gravity,” JHEP 05, 008 (2001)
doi:10.1088/1126-6708/2001/05/008 [arXiv:hep-th/0011156 [hep-th]].
[13] L. Randall and R. Sundrum, “An Alternative to compactification,” Phys. Rev. Lett. 83,
4690-4693 (1999) doi:10.1103/PhysRevLett.83.4690 [arXiv:hep-th/9906064 [hep-th]].
16
[14] A. Almheiri, R. Mahajan and J. Maldacena, “Islands outside the horizon,”
[arXiv:1910.11077 [hep-th]].
[15] A. Liam Fitzpatrick and L. Randall, “Localizing gravity on the triple intersection of
7-branes in 10D,” JHEP 01, 113 (2006) doi:10.1088/1126-6708/2006/01/113 [arXiv:hep-
th/0512247 [hep-th]].
[16] V. E. Hubeny, D. Marolf and M. Rangamani, “Black funnels and droplets from the AdS
C-metrics,” Class. Quant. Grav. 27, 025001 (2010) doi:10.1088/0264-9381/27/2/025001
[arXiv:0909.0005 [hep-th]].
[17] J. E. Santos and B. Way, “Black Droplets,” JHEP 08, 072 (2014)
doi:10.1007/JHEP08(2014)072 [arXiv:1405.2078 [hep-th]].
[18] S. D. Mathur, “What is the dual of two entangled CFTs?,” [arXiv:1402.6378 [hep-th]].
[19] C. Krishnan, V. Patil and J. Pereira, “Page Curve and the Information Paradox in Flat
Space,” [arXiv:2005.02993 [hep-th]].
[20] C. Krishnan, “Bulk Locality and Asymptotic Causal Diamonds,” SciPost Phys. 7, no.4,
057 (2019) doi:10.21468/SciPostPhys.7.4.057 [arXiv:1902.06709 [hep-th]].
[21] A. Laddha, S. G. Prabhu, S. Raju and P. Shrivastava, “The Holographic Nature of Null
Infinity,” [arXiv:2002.02448 [hep-th]].
[22] F. F. Gautason, L. Schneiderbauer, W. Sybesma and L. Thorlacius, “Page Curve
for an Evaporating Black Hole,” JHEP 05, 091 (2020) doi:10.1007/JHEP05(2020)091
[arXiv:2004.00598 [hep-th]].
[23] T. Anegawa and N. Iizuka, “Notes on islands in asymptotically flat 2d dilaton black
holes,” [arXiv:2004.01601 [hep-th]].
[24] T. Hartman, E. Shaghoulian and A. Strominger, “Islands in Asymptotically Flat 2D
Gravity,” [arXiv:2004.13857 [hep-th]].
[25] H. Geng and A. Karch, “Massive Islands,” [arXiv:2006.02438 [hep-th]].
[26] M. Porrati, “Mass and gauge invariance 4. Holography for the Karch-Randall
model,” Phys. Rev. D 65, 044015 (2002) doi:10.1103/PhysRevD.65.044015 [arXiv:hep-
th/0109017 [hep-th]].
[27] V. E. Hubeny, D. Marolf and M. Rangamani, “Hawking radiation in large N strongly-
coupled field theories,” Class. Quant. Grav. 27, 095015 (2010) doi:10.1088/0264-
9381/27/9/095015 [arXiv:0908.2270 [hep-th]].
17
[28] J. E. Santos and B. Way, “Black Funnels,” JHEP 12, 060 (2012)
doi:10.1007/JHEP12(2012)060 [arXiv:1208.6291 [hep-th]].
[29] J. Plebanski and M. Demianski, “Rotating, charged, and uniformly accelerating mass in
general relativity,” Annals Phys. 98, 98-127 (1976) doi:10.1016/0003-4916(76)90240-2
[30] P. Figueras and T. Wiseman, “Gravity and large black holes in
Randall-Sundrum II braneworlds,” Phys. Rev. Lett. 107, 081101 (2011)
doi:10.1103/PhysRevLett.107.081101 [arXiv:1105.2558 [hep-th]].
[31] S. de Haro, K. Skenderis and S. N. Solodukhin, “Gravity in warped compactifica-
tions and the holographic stress tensor,” Class. Quant. Grav. 18, 3171-3180 (2001)
doi:10.1088/0264-9381/18/16/307 [arXiv:hep-th/0011230 [hep-th]].
[32] P. Figueras, J. Lucietti and T. Wiseman, “Ricci solitons, Ricci flow, and strongly coupled
CFT in the Schwarzschild Unruh or Boulware vacua,” Class. Quant. Grav. 28, 215018
(2011) doi:10.1088/0264-9381/28/21/215018 [arXiv:1104.4489 [hep-th]].
[33] T. Hartman and J. Maldacena, “Time Evolution of Entanglement Entropy from Black
Hole Interiors,” JHEP 05, 014 (2013) doi:10.1007/JHEP05(2013)014 [arXiv:1303.1080
[hep-th]].
[34] Work in progress.
[35] H. Z. Chen, R. C. Myers, D. Neuenfeld, I. A. Reyes and J. Sandor, “Quantum Extremal
Islands Made Easy, Part I: Entanglement on the Brane,” [arXiv:2006.04851 [hep-th]].
18
